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Abstract. In the prequel of this paper, we have associated a family of cluster X- 
varieties to the dual Poisson-Lie group G* C (G, 7r«) of (G, ttg) when (G, ttg) is a complex 
semi-simple Lie group of adjoint type, given with the standard Poisson structure kg and 
7r* is the "dual" Poisson structure defined by the Semenov-Tian-Shansky Poisson bracket 
on G. We describe here the cluster combinatorics involved into the Artin group action 
on G* given by the De-Concini-Kac-Procesi Poisson automorphisms. 



1. Introduction 

A cluster Af-variety is a Poisson variety obtained by gluing a set of algebraic tori along 
some specific bi-rational isomorphisms called ( ^limitations, which are strongly related 
[FG07a| to the mutations of the well-known cluster algebra of Fomin and Zelevinsky 
introduced in [FZ02J. Each torus is given a log-canonical Poisson structure, that is a set 
of coordinates X{ and a skew-symmetric matrix e, with generic integer values, such that 
the equality {xi,Xj} = e^XiXj is satisfied. Because mutations are Poisson maps relative 
to these log-canonical Poisson structures, cluster ^-varieties are naturally given a kind of 
Darboux coordinates. Therefore, in the same way that the cluster algebra machinery can 
be used to described coordinates ring of affine varieties related to semisimple Lie groups 
[BFZ05J, [S06| . we can use cluster ^-varieties to study their Poisson geometry FG06bJ, 
[GSV03j . [B]. 

When G is a real split semisimple Lie group, with trivial center, given with the Sklyanin 
Poisson structure associated with the standard r-matrix of the Belavin-Drinfeld classifica- 
tion (this makes G a Poisson Lie group), Fock and Goncharov have, in the paper [FG06b| . 
constructed canonical Poisson birational maps of cluster ^-varieties into G (one map for 
each seed A'-torus associated with a double reduced word of the Weyl group W of G); 
this construction provides for G a natural set of rational canonical coordinates. Canonical 
maps associated with different double reduced words are given by a composition of mu- 
tations simply related to the composition of generalized d-moves linking double reduced 
words. 

Now, let us recall that any Poisson-Lie group structure on any Lie group G provides its 
Lie algebra g with a bialgebra structure, and thus its dual g* acquires a bialgebra structure 
as well. Hence Poisson-Lie groups always come by pairs, and the Lie group associated to 
g* is provided a Poisson-Lie group structure and is called the dual of G. In particular, the 
dual of a complex semisimple Poisson-Lie group (G, na) of adjoint type, still equipped with 
the Sklyanin Poisson structure associated with the standard r-matrix, can be identified 
with a subgroup in the direct product of two opposite Borel subgroups of G. This group 
may also be mapped onto a dense open subvariety in G. The induced Poisson structure 
7r* then extends smoothly to the entire group G and is given by a simple explicit formula 
[STS85]. In [DCKP92], De Concini, Kac and Procesi described an Artin group action on 
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G* C (G, 7T*) by Poisson transformations. It turns out that this action is the semiclassical 
analog of the Lusztig automorphisms on the universal quantized enveloping algebra lA q {o) 
of the Lie algebra g. 

In the prequel to this paper [Bj . we have associated a family of cluster X- varieties 
{X w | w E W} to the dual Poisson-Lie group G* C (G, 7r*). The underlying combinatorics 
is based on a factorization of the Fomin-Zelevinsky twist maps into mutations and other 
new Poisson birational isomorphisms on seed ^f-tori called tropical mutations, associated 
to an enrichment of the combinatorics on double words of the Weyl group W of G. A double 
word i of W being a word of W x W, this enrichment is in fact based on a switch i H > i 
of the two copies of W, acting on the first or the last letter of a double word i. Such new 
moves are called r- moves, and tropical mutations are then Poisson birational isomorphisms 
between the related seed X-tovi. Finally, twisted evaluations, strongly influenced by the 
morphisms of Evens and Lu [EL07], relate the cluster X- varieties X w to (G, 7r*). 

In the present paper, we use the previous combinatorics to get an action of the Artin 
group associated to the root system of the Lie algebra g by Poisson automorphisms on any 
seed A'-torus of any cluster Af-variety X w . Composing these automorphisms with some of 
the twisted evaluations of [Bj, we rediscover, as a particular case, the Artin group action 
on G* C (G, 7T*) generated by the De-Concini-Kac-Procesi automorphisms. 

Here is the organization of the paper: Section [2] collects preliminaries, Section [3] re- 
calls how to associate cluster ^-varieties to the Poisson manifolds {G,ttq) and (G, 7T*), 
Section [J] deals with the cluster combinatorics of the Artin group action on G* C (G, 7T*) 
leading to the De-Concini-Kac-Procesi Poisson automorphisms, and Section [5] details our 
construction when G is of type A\. 

2. Preliminaries 

2.1. Lie setting. Let g be a complex semi-simple Lie algebra of rank £, A its Cartan 
matrix, and G its connected Lie group of adjoint type. Fix a Borel subgroup B C G, let 
B_ be the opposite Borel subgroup, H = BnB_ the associated Cartan subgroup and t) C g 
the corresponding Cartan subalgebra. In the following, we will denote [1,1] = {1, . . . ,£}. 
Let ai, ... ,ai be the simple roots of g, and let 0J2, ■ ■ ■ , 0J1 G t)* be the corresponding 
fundamental weights. For every i £ [1,1], let (ej, fi,hi) be the Chevalley generators of g; 
they generate a Lie subalgebra g Qi of g. In particular, we have Uj(hk) = Sjk for every 
j, k € [1, 1]. Let us recall that the weight lattice A is the set of all weights 7 € fj* such that 
j(hi) G Z for all i. Every weight 7 € A gives rise to a multiplicative character a 1— > a 1 of 
the Cartan subgroup H, given by exp(/i) 7 = e 7 ^, with h £ f). We introduce a new basis 
on f} putting 

(2.1) := £ (A-\ . 

Let D = diag(di, . . . , d{) be the diagonal matrix symmetrizing the Cartan matrix; we 
put aij = didij = dijdj. For every x € C and i G [1,^], we define the group elements 
E % = exp(ej), F i = exp(/j) and H l {x) = exp(log(x)/i*) related to the generators e^, fi and 
h l of g. Because of the relation (|2.ip . the canonical inclusions ifi : <SX(2,C) G satisfy 

<Pi(l \ \ = H i (x)E i H i (x- 1 ), ^(^ M = H'ix-^F'H^x) . 

We denote by W the Weyl group of G. As an abstract group, W is a finite Coxeter 
group of rank £ generated by the set of simple reflections S = {s±, . . . , sf\; it acts on f)*, 
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f) and the Cartan subgroup H by 

(2.2) S j(7) = 1 - 1 (a y i )a i , Si{h) = h - a^h)^ and a w W = (w^aw)^ 

for every 7 S I)*, /i G f), w £ IV and a £ H. Recall now that a reduced word for w € VF is 
an expression for w in the generators belonging to S, which is minimal in length among 
all such expressions for w. Let us denote £(w) this minimal length and R(w) the set of 
reduced words associated to w. As usual, the notation wo will refer to the longest element 
of W. Let us also recall that W can also be seen as the subgroup NoruiG(H)/H of G. 
Thus, to every simple reflection Sj E W we associate the representative 

"J ) • 

We can choose representatives in G for every element of W by setting W1W2 = wiwi for 
every w\,W2 G VF as long as £{w\) + £(102) = ^(wiu^)- 

2.2. Poisson setting. Let us recall that the so-called standard classical r-matrix is given 
by t = Yl e a A f a € g A g (the summation is done over all positive roots a). Let ( , ) be 
the Killing form on g. For every x S g, X S G and / € J~(G) the left and right gradients 
are defined respectively by 

(Vf(X),x) = f t \ t=0 f(e t *X) and (V/ (X), x) = || t=0 /(Ie b ) . 

If /, 5 € J~(G), let 7TG be the following Poisson structure on G given by the Sklyanin 
bracket which transforms G into a Poisson-Lie group. 

{/, 9}g = \{{Vf ® V 5 , r) - <V7 8) V's, r)) . 
Denote r-t = r ± t, where t is the Casimir element of g: 

1 - 

t = - ^2{hi (g> h l + a <S> fi + fi ® ei) € g ® g . 
i=l 

Proposition 2.1 ([STS85]). Let us equip G with the Poisson structure ir* given by 

{/, 9}* = ^«V/ ® V 5 , r) + (V/ ® V' 5 , r)) - (V/ ® V' 5) r+) - (V f ® V 5 , r_) . 

There exists a canonical map of the dual group G* onto the dense open cell BB C G 
which is a covering of Poisson manifolds. 

To any u, v G W we associate the double Bruhat cell G u > v = BuB n BJvB-\ we have 

G= J G"'"" . 

Proposition 2.2 ( |KZ02| ). For every u, v € W, the double Bruhat cells G u,v are the 
H-orbits, by the right (or left) action, of the symplectic leaves 0/ (G, 7tg). 

Now, following [EL07j . let us now give a Poisson stratification for (G, 7r*). Two elements 
5i)52 £ G are said to be in the same Steinberg fiber if /(<?i) = /G72) fo r every regular 
function / on G that is invariant under conjugation. For t € H, let be the Steinberg 
fiber containing t. By the Jordan decomposition of elements in G, every Steinberg fiber 
is of the form Ft for some t E H. Moreover, the equality Fy = Ft is satisfied if and only 
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if there exists w € W such that t' = w(t), where W acts on H by the formula (|2.2p . The 
group G has therefore the decompositions 

/ 2-3 ) G= \J F t , w = [_\ F tjM where := BwB^ f] F t . 

teH,w&w teH\w,wew 

Proposition 2.3. [EL07, Proposition 3.3] Every Ft )V is a finite union of H -orbits, with 
respect to the conjugation action, of the symplectic leaves of(G,ir*). 

2.3. Cluster A'-variety setting. We recall here the definitions introduced by Fock and 
Goncharov underlying cluster X- varieties (see, for example, |FG07aj for more details). A 
seed I is a quadruple (I,Io,e,d) where 

• I is a finite set; 

• IqC I] 

• e is a matrix e^, i,j 6 /, such that € Z, unless i,j G Iq; 

• d = {di}, i € /, is a subset of positive integers such that the matrix = is 
skew-symmetric . 

For every real number i£K, let us denote [x]+ = max(x,0) and 

C -1 if x < ; 
sgn(x) = < if x = ; 

( 1 if £ > . 

Let I = (J, Jo> £) d), I' = {I', I'o, £ f ,d') be two seeds, and k £ I\Io- A mutation in the direction k 
is a map : / — > I' satisfying the following conditions: 

• Vk(Io) = i'o; 

i __ ( —£%j if i = k or j = k ; 

• £ ^(i)^U) ~ { £ij + sgn (s ik )[£ ik £ kj ] + ifij^k. 

A symmetry on a seed I = (I,Io,e,d) is an automorphism a of the set I preserving the 
subset Iq, the matrix e, and the numbers di. That is to say: 

• cr(J ) = J ; 

• dcr(t) = dij 

• e o-(i)o-(j) = e «j- 

Let |/| be the cardinal of every finite set / and C^o be the set of non-zero complex numbers. 
The seed X -torus X\ associated to a seed I is the torus (C^o)^' with the Poisson bracket 

where {xi\i € 1} are the standard coordinates on the factors. Symmetries and mutations 
on seeds induce involutive maps between the corresponding seed X-tori, which are denoted 
by the same symbols and a, and given by 

• 0-*X a{i) = Xi 

x^ 1 if i = k ; 



* H X Hk{i) \ x . x [z ik ] + (1 + Xk ye ik if • ^ k 

Finally, a cluster transformation linking two seeds (and two seed A"-tori) is a composition 
of symmetries and mutations, and the cluster X-variety X\j\ associated to a seed I is 
obtained by taking every seed X-toi\ obtained from X\ by cluster transformations, and 
gluing them via the previous bi-rational isomorphisms. 
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3. Cluster A'- varieties related to (G,ttg) and (G, tt*) 

3.1. Cluster X -varieties related to (G,itq). We briefly recall the construction of 
[FG0 6b] . A (reduced) word of W x W is called a double (reduced) word. To avoid confu- 
sions, we denote 1, . . . ,£ the indices of the reflections associated to the first copy of the 
Weyl group W and 1, . . . ,£ the indices of the reflections associated to the second copy of 
W. A double reduced word of (u, v) is a then shuffle of a reduced word of u, written in 
the alphabet [T, £], and of a reduced word of v, written in the alphabet [!,£]■ We denote 
R(u, v) the set of double reduced words of (u, v), and 1 G R(l, 1) the unity of W x W. 

For every u,v G W, i € R(u,v) and j € [1,4 let N J (i) be the number of times the 
letter j or j appear in i. Let I(i) (resp. I^(i) and io(i)) De the set of all ordered pairs 
(I) such that j G [1,4 and < k < JVJ'(i) (resp. = AP'(i) and fc G {0,iV^(i)}). Let us 
start to describe the trivial seed (1(1), Io(l),e(l),d(l)). It is defined by the zero square 
matrix e(l) of size I and i- vectors = dj. 

Now, let us describe the elementary seeds (I (i) , Io(i) , e(i) , d(i)) and (I(i),Io(i),e(i), d(i)) 
for every i G [1,£] and i G Let e(i), e(i) be the square matrices of size £ + 1, with 

entries labeled by the elements of I(i) and given by 

(3 - 1} £(i) (i)('o) = f = - £(z) (o)®' £ ®(i)( j o) = - a f = ~ £ ®my 

and zero otherwise. In a similar way, let d(i) and d(z) be the (I + l)-vectors with compo- 
nents labeled by the elements of I(i), d(i)rj\ = dj = d(i)rj\. 

For every i G {1, we then denote X\ the seed A'-torus associated to the seed 
(I(i), Io(i), e(i), <i(i)) and evi : X\ — > G the related evaluation map 



evirC^o— )-G : {x { r y . . . ,x Q , . . . , XQ ) ^ ]JW (a 

j 

ev,: C^q 1 — y G ( x Qr- ■ • ' x (;)' x (D' X ( I o 1 )' ' ' ' ,X (o)^ ' — > \\ HJ ^ x (j^ ElH% ^ x (^ ' 

j 

ev T : C^q 1 > G (x^xy:. . . ,XQ,x^,x^i+iy . . . ,xq) ^]JW(x^)F l H\x^) . 



To associate seeds to longer words we proceed inductively. We associate to a product 
ij of double words i and j an amalgamated seed (I(ij), Io(ij),e(ii),d(ij)) in the following 
way. The elements of the set d(ij) are defined by = dj, and the matrix e(ij) is 

given by 



(3.2) 



e(u)f< 



a)a) 



£W G)G) 
E(l) tt)«) 





£(j) (;)(^) 

(fe-JV*(i))(i- 



-NJ(l)/ 



ilk < and Z < 

if k = JV*(i) and / = A"(i); 

if fe > JV^i) and / > iW'(i); 

otherwise. 
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This operation induces a homomorphism m : X\ x Xj — > X-^ between the corresponding 
seed Af-tori called amalgamation and given by 

xns if < k < N l (i); 

x (l)V(l) tfk = N l (i); 
V( i\ if JV*(i)<fe<JV*(i) + iV < (j), 

where Xi, yj and Z\~ denote respectively the coordinates functions on X\, X- } , and X\y Notice 
that this amalgamated product is associative. Now, let i = %\ . . . % be a double word, X\ 
be the seed ^-torus given by the associated amalgamation m : X^ x • • • x Xi^ — y X[, 
and z € X{ be an amalgamation m(xi, . . . ,Xk) of xi G X^, Xk G X, Lk . We define the 
evaluation map 

ev ; : Xi G : z h-> ev^ (xi) . . . ev ik (x k ) . 

Theorem 3.1 ( |FG06b] ). For any u,v eW and i G R(u, v) the map ev ; : X x ->• (G"' 1 ', tt g ) 
is a Poisson birational isomorphism onto a Zariski open set of the double Bruhat cell G u ' v . 

Let i be a reduced word. Following [BZ01], we call a d-move a transformation of i that 
replaces d consecutive entries i,j, i,j, ... by j, i, . . ., for some i and j such that d is the 
order of SiSj, that is: if a^aji = (resp. 1,2,3), then d = 2 (resp. 3,4,6). By the Tits 
theorem, every two reduced words which represent the same element of a Coxeter group are 
related by a sequence of d-moves. Next, let us say that a letter i of i is positive if i £ [1,^] 
and negative if i G [1,2]. Considering the group x W, we conclude that every two double 
reduced words i,j G R(u,v) can be obtained from each other by a sequence of generalized 
d-moves, i.e. positive d-moves for the alphabet [1,^], negative d-moves for the alphabet 
[1,1], or mixed 2-moves that interchange two consecutive indices of opposite signs. Let us 
say that a double reduced word of length d is minimal if we can perform a generalized 
d-move on it. To any two minimal double words i and i' related by a generalized d-move 
S : i I— > i', we associate a cluster transformation fii-^i' : Xi — > Xy in the following way: 

fi^i-j if 5 is a move i i <-> i i or a 3-move; 

[in\[irj\IJ,n\ if 5 is a 4-move; 

I Hminmminminmini) if 5 is a 6 " move; 

the identity map otherwise. 

Since mutations commute with amalgamation, we may extend these definitions to any 
two double words i, i' G R(u, v) related by a generalized d-move. Finally, if i, j are double 
words linked by a sequence of generalized d-moves and i — > ii — > ■ • ■ — > i n _i — > j is the 
associated chain of elements, we define the cluster transformation fii^.j as the composition 
/•*i n _i^j o • • • o A cluster ^-variety is associated to every double Bruhat cell via the 

following theorem. 

Theorem 3.2 ([FG06b]). For any u, v G W and i,j G R(u,v), we have evi = evj 

3.2. Cluster X -varieties related to (G, ir*). We sum-up here some definitions and 
results of jB]. To state an analog of Theorem 13.11 and Theorem 13.21 for (G, 7r*), we need 
new evaluation maps and an extension of the combinatorics. Let us first recall that the 
fundamental weights G rj* are permuted by the transformation (— wo). We denote 
i i-)- i* the induced permutation of the indices of these weights, that is Ui* = —wo(ui). Let 
w G W and . . . Si n be a reduced decomposition of w, then w* G W is the element given 
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by w* = S{* . . . Si* . (The Tits theorem implies that this definition doesn't depend on the 
choice of the reduced expression for w.) 

For every w,w' G W, we denote w — > w' if and only if we can find i G [1,^] such that 
w = SiW 1 and £(w) = i(w') + 1, and denote < the right weak order on W, i.e. w' < w if 
there exists a chain w — >■ • • • —> w'. 

Definition 3.3. Let u>i < w,u>2 € W. A (wi,W2) v -u>ord i is a double word linked to 
a product iii2, with ii G -uwT/ 1 ) and i2 G R(w2~ 1 , wqw^ 1 ), by a sequence of 

mixed 2-moves. The product iii2 is called a trivial {w\,W2) v -word. In particular, the set 
R(v* , wo) is the set of (v, e)„-words. Let W(w±, W2) v denote the set of (lo^ti^^-words 
and D(v) be the union over w\ < v, W2 G W of all the sets W{w\,W2) v . In particular, we 
have R(v*~ 1 ,wq) C D(v). 

The set -D(v) are going to play in Theorem 13.51 and Theorem 13.71 the same role that 
were playing the sets R(u, v) in Theorem 13.11 and Theorem 13.21 

Now, for every x G B_B, let x = [x]-[x]o[x] + = [x]<o[x]+ be its Gauss decomposition, 
that is: [x]± belongs to the unipotent parts of the respective Borel subgroups and [x]o to 
the Cartan part of G. Let us denote 9 : G —> G the Cartan automorphism given by 

a e = a- 1 G H, E id = F\ F i9 = E 4 . 

Definition 3.4. Let w\ < v,W2 € W, i = iii2 be a trivial (wx, t/^-u-word and x G X\, 
xi G Xi%i x 2 G X- l2 be such that x = m(xi,X2). We define the maps ev[ ed : X- l2 — > G and 
evf, evf : «*• ->■ G by: 



ev r ed (x) =evi(x) ]~[ IP (a 



-1 



evf (x) = ev il (xi)[ev[° d (x 2 )u)2w6]<o and evf (x) = ev il (xi)[(ev^(x 2 )) 9 t(Jo]<o • 
These maps are then extended to every i G D(v) by setting 

evf = evf ib o^ ili2 and evf = ev^ om^ hh . 
For every v £W and i G D(v), we define the twisted evaluation 
(3.3) evi : ->■ (G,7r*) : x 1— > evf (x) evi(x(<R))5^evf (x) 1 , 

where, for every double word i, the seed ^-torus Xm is the Poisson variety canonically 
associated to the seed [i]gt = (J(i), Jo(i), 77(1), d(i)) defined by the values 

' e(i) fj if i,j€ 7(1)^(1) ; 
otherwise. 



(3-4) r,(i)i 



Finally, for every t G H, let Am^i) be the subset of Afm obtained by fixing the cluster 
variables x(!SH) = {(xj) \ j G /^(i)} via the equality evi(x(5H)) = t. Equation (j3.4j) implies 
that X\{t) is a Poisson subvariety of X\\\ m . 

Theorem 3.5. [B, Theorem 7.9] For every v G W , t G H and i G F)(v), the map 
evi : Afi(f) — > (F twov -i,ir^) is a Poisson birational isomorphism onto a Zariski open set 



Remark 3.6. The origin of the formula (|3.3p comes from morphisms defined by Evens and 
Lu in [EL07] . generalized in [B] . (The proof of Theorem 13.51 is based on jEL07l Corollary 
5.11].) 
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Theorem 3.7. [Bj Theorem 8.12] Let v G W . For every i,j G D{v), there exists a 
birational Poisson isomorphism /li-^j : X[i] m ~ ► ^[j].^ such that evi = evj o 

Describing explicitly the birational Poisson isomorphism : X[il m as ks us 

to extend the given combinatorics both on double words and on seed-^-tori. Here is the 
construction. 

3.2.1. Combinatorics on double words. We introduce new moves on double words in order 
to act transitively in D(v). From now on, let us regard the map i i— >■ i as an involution on 

[M]u[I,4 

Definition 3.8. For every double word i = i\ . . .i n , let -Cj^i) (resp. 9^„(i)) be the double 
word obtained by changing the first letter (resp. last letter) of i such that: 

Qi^i) = i\ii...i n and 9ti n (i) = h . . . £ n -l«n • 

The involutive map i i— > < C^ 1 (i) (resp. i i— > !SRi n (i)) is called a Ze/t r-move (resp. right 
T-move). 

Let us fix w\ < v G W and denote the set of (wi, u^u-words for every W2 G TV. 

Therefore, the set -D(u) is the union over all w\ < f G TV of the sets D Wl (v). 

Lemma 3.9. [B] For every i,j G D Wl (v), there exist a sequence <£>i->j of generalized d- 
moves and right r -moves such that j = </?i_^(i). 

Definition 3.10. Let i = ii . . . i m G i?(l, wo) U R(wo, 1) be a positive or negative reduced 
word associated to wq and j = ji . . . j n be a double word. The following dual-move Aj 
associated to the last letter of j transforms the product ji into the double word 

Aj : ji ^ ii • • • jn-ijn 

where j = j n if j n positive and j = j n if j n negative. It is easy to see that Aj o Aj is the 
identity map. 

Definition 3.11. Let v G W and i G D(v) be a double word. A d-move on i is a 
generalized d-move; or a right r-move; or a dual- move Aj. 

Here is an analog of the Tits theorem for the set D(v). 

Lemma 3.12. [B] 7/i,j G D(v) then there exists a sequence of d-moves relating i and]. 

3.2.2. Tropical mutations. The r-moves lead to a new type of mutations on seed Af-tori, 
called tropical mutations and defined in the following way. Let bij be the numerator of 
for every i,j G /; so we have = ey unless i, j G Jo- Let us suppose that the denominator 
of Eij is the same for every i, j G Jo- (Using the formulas (I3.ip and (]3.2p . it is clear that it 
is the case for any seed I(i) associated to a double word i.) 

Definition 3.13. Let I = (Jq,/, e,d) be a seed such that Iq is not empty. A cover £ on 
I is a family of sets I\,...,I n C Iq such that Iq = U" =1 /j. (The union is not necessary 
disjoint.) For every k G Io, we denote Io(k) the union 

Io(k) ■= |J ii • 
{i|fce/i} 
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Definition 3.14. Let I = (I, Iq, e, d) and I' = (/', I'oi £ ', d!) be two seeds with covers, and 
k G Iq. A tropical mutation in the direction k is an involution [i^ : I — > I' satisfying the 
following conditions: 

(iK(/ (i)) = I'o(i); 

(ii) d'n k ($ = <k; 

(iii) 

' —£ij i£i = k or j = k; 



£ij if i,j e I (k)\{k}; 

K E{j — Eikbkj otherwise. 



Tropical mutations induce involutive maps between the corresponding seed A'-tori, which 
are denoted by the same symbols fj,^ and given by 

Xfe -1 if i = k; 

°^ iff el (fe)\W; 

X; otherwise. 



(3.5) Xflk{i) 



For the remaining part of the paper, we suppose mutations and symmetries respect covers 
on seeds. A generalized cluster transformation linking two seeds (and two seed X-tori) is 
then a composition of symmetries, mutations, and tropical mutations. 

Let i be a double word and recall the subsets Iq (i) and /^(i) of Io(i) defined in Sub- 
section [37TJ From now on, the seed I(i) = Io(i),s(i),d(i)) is given with the cover 

/ (i)=/ £ (i)U/*(i) . 

Lemma 3.15. [B, Proposition 5.11] The following tropical mutations are Poisson bira- 
tional isomorphisms for every double word i = i\ . . .i n . They are called respectively left 
and right tropical mutations. 

/Z/ijN : X\ -)• X 2 (;) and [i, » n \ : X\ — > Xy. «\ . 

V o I 1 KN^iS)) 

Left and right tropical mutations are related to the geometry of the group G in the 
following way. 

Lemma 3.16. [HI Proposition 5.24] The following equalities are satisfied for every u,v G 
W , every (u, v) -adapted double word i = %\ . . . i n G R(u, v), and every x € X\. 



[evi(x)u 1 }<q = [evg^ (|)ty*/ * n x(x)s in u 1 ]< 
[u _1 evi(x)]>o = [s^ _1 ev £ii(i) o^^^(x)]> . 

This result is the first step to get the combinatorics of the maps b i— >• [6u _1 ]<o and 
c i — y [u~ 1 c]>o, with 6 G G 1,v and c G G"' 1 . To do that, we need more notations. For every 
positive reduced word i = i\ . . .i n , every negative reduced word j = j\ . . . j n , and every 
k G [l,n + 1], we then introduce the double words 

(oa\ i(&) = i(fc)_i(fc)+ where i(k) + = i\ . . . 4-1 and i(A;)_ = in . . . ik_ 

}{k) = j(fc)_j(fc)+ where j(fc)+ = • • -ji and j(fc)_ = j fc . . . j n ' 

In particular, we will use the notations 

i n := i(l) = i n . . .h and j n := j(n + 1) = j n . . . j\ . 
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For every positive reduced word i — %\ . . . i n , every negative reduced word j — j\ . . . j n , and 
every k G [l,n], we define the generalized cluster transformations Ci(k) '■ ^i(fc) ~~ * ^(j-i), 
(i : X\ — > Xp, and Cj(fc) : ^j(k) ~> <^j(fc-i)j Cj : ~ > Xp by the following formulas 



Ci(fc) = i 1 ! i k \ ■ ■ • Mf ifc \ ° M/ *fc \ and Ci = Ci(l) ° • • • ° Ci(n) 

VjV 1 fe(i)-l' 1 ^JV l fe(i)' 1 



(3.7) 



Cj(fc) = M/ \ ° • • • ° mc^i ° /v^ and Cj = Cj(n) ° • • • ° Cj(i) 



The following result is easily deduced from Theorem 13.21 and Lemma 13.161 

Corollary 3.17. Let u,v G W, i G 12(1, v) and j G 12(u, 1). For every x G <^i,y G Aj the 

following equalities are satisfied: 

(3.8) [ev^x)?;- 1 ]^ = ev iD o£(x) and [u' 1 evj(y)]> = ev jD oQ(y) . 

3.2.3. The extended combinatorics on seed X-tori. Let us first remark that equation (j3.4j) 
implies that any cluster transformation /ii->j : X\ — > X- } , for any j linked to i by composition 
of generalized d-moves, induces a cluster transformation /^[ij^-^jj^ : ~* ^Ljlm gi ven by 

(3 9) x X «->i^ if, " €/ ^ ; 

1 J \ if j G J K (i) . 

We have in particular the restriction on Poisson subvariety M[i] w ->|j] K : X\{t) — > Xj(t) for 
any t £ ff. It is easy to see that for every double word the identity map is a Poisson 
morphism from X^ n to ^Wmu- We denote it M[i] w ^[9t(i)'U and extend the definition (|3.9p 
by the formula 

And because every elements i,j G D wi (v) can be obtained from each other by a sequence 
of generalized d-moves and right r-moves by Lemma I3.9| we deduce from Theorem 13.21 
and the expression (I3.3P of twisted evaluations that for every i,j G D wi (v), we have the 
equality 

( 3 - 10 ) = evj o Mptj^fflg, • 

Therefore, the equation (13. 101) allows us to associate, for every w < v G W, a cluster X- 
variety X w < v to the set D w {v): it indeed contains every seed Af-torus Af™ when i G D w (v). 

Next, we consider the combinatorics on seed A'-tori related to dual moves to link all the 
cluster ^-varieties X w < v for a fixed v G W. To do that, we define for every double reduced 
word j, every positive word i + G 12(1, wq) and every i G [1,1], the map : ^nj^fcta — ^ 



X- 



x c . (i\ if j < ; 

x + AxT 1 4 , if j = A^(ji + ) < i\P(ji + I) ; 
x/i\ otherwise . 



Let i G [1, £} and i be a double word such that we can apply the dual move Aj on it. Then 
the following product is a birational Poisson isomorphism. 

S Si : X [i]m — > X [Ai(i)] m 
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Lemma 3.18. [Bj Proposition 8.11] For every i G [T, £] and every double reduced word 
i G R(si,wo) starting with the letter i, we have the equality evi = ev^m o H Si . 

This result is then immediately extended to any trivial (w\, l)-words, for any w\ < v G 
W by using the amalgamation product on seed X-toxi. 

Here is finally the construction of the birational Poisson isomorphism fi\^- s associated 
to any i,j G D{v). We have seen that to any double words i,i' G D(v), there exists a 
d-move 5 such that S : i — >■ i'. From the previous results, it is natural to associate to 5 the 
birational Poisson isomorphism : X\ — > Xy given by 

• the cluster transformation Milst-Wi'lsR if ^ is a generalized (f-moves; 

• the identity map if 5 is a right r-move; 

• the map S Si if 5 is the dual-move Aj. 

This definition is then extended to every i,j G D(v) in the usual way: if i,j are double 
words linked be a sequence of d-moves and i — > ii — >■ • • • — > i n i — > j is the associated chain 
of elements, the map will be the composition j^ n _ 1 _ > j o • ■ • o jui-^, and Theorem 13.71 
is derived from the equality ()3.10|) and Lemma f3. 181 

We finish this subsection by considering the dual Poisson Lie-group {BB_,i:*) in (G7, 7r*). 
For every double word i, let ;tj dual C X\* be such that Xi ^ Xj for every i,j G It 
is a Poisson submanifold of Afpi because of (|3.4p . The decomposition fj2.3[) then leads to 
the following result. 

Corollary 3.19. For every i G D(wq), the map evj : ^ ual — > (BB-,ir*) is a Poisson 
birational isomorphism on a Zariski open set of BB and the equality evj = evj o /ii^j is 
satisfied for every j G D{wq). 

4. The combinatorics of De-Concini-Kac-Procesi automorphisms 

We add the left tropical mutations of Lemma 13.151 to the birational Poisson isomor- 
phisms of the previous section in order to define an action of the Artin group associated 
to g on seed A'-tori. Applying twisted evaluations then leads to a generalization of the 
De-Concini-Kac-Procesi automorphisms associated to parabolic subgroups of W . 

4.1. Artin groups actions and Poisson automorphisms on seed X-tor\. Let us 

denote T^ 1 the product of m factors TiTjTi . . . and let rriij := 2,3,4,6 when OyO^ = 
0, 1, 2, 3, respectively, where A' = (a^ ) denotes the Cartan matrix associated to any semi- 
simple Lie algebra g'. We recall that the Artin group B Q > associated to q' is given by the 
presentation 

B g , =< Tx, . . . , T ff | = T^ ji) > . 

We are going to show that tropical mutations induced by left r-moves, mutations and 
the previous saltations lead to Poisson automorphisms that define an action of the Artin 
group associated to g on cluster ^-varieties. 

Let us remember the involution * : % i— > i* on the indices of fundamental weights 
induced by the transformation (— wq) on f)* given in Subsection 13.21 Let Wj be the 
parabolic subgroup of W generated by a subset I C [1,^] stable under the involution *, 
q 1 be the associated semi-simple Lie algebra, and wq(I) be the longest element of Wj. 
In particular, for every j G /, there exist a reduced expression of wq(I) starting with j. 
Let us then remark that, to every i G D(wq(I)) and every letter j G /, we can associate 
via Theorem 13.71 a double reduced word io G R(wq(I),wo) starting with j such that the 
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equality evi = evi o jEti_^i is satisfied. We use this double reduced word io (although 
the final result doesn't depend of this particular choice) to define the Poisson birational 
automorphism 

(4.1) 7} (i) : X[ i]m — ► X[i] m : x 1— > M£(i )->i Mi-^io • 

Here is how we relate braids to cluster combinatorics. 

Theorem 4.1. For every I C [1,1] stable under the involution * and i G D(wq(I)), the 
maps Tj(i) : <^[i] w — > ^[i]m> 3 e ^> define an action of B Q i on <^[i] m ffiuen oy 

*V x — ► * [i]sH : Cfyx)— >7;(i)(x) • 

We need two lemmas to prove this theorem. To any set 7 C [1,£] stable under the 
involution uu < wq(I) G W, and any reduced decomposition i\ ...i n of uu, and any 
double word i G D(wo(I)), we associate a Poisson automorphism T w (i) on ^ffiw given by 

7~w(i) = T in (i)o---oT il (i) . 

For every v G W, A; G [1, and io = iii2 G ^(v) such that ii € «) and 12 G 
Wo), we recycle the notation of Subsection 13.2.21 by denoting io(k) := ii(fc)i2- Let us 
also introduce a variation of (|3.7p by setting: 

CioO) '■= ^1 l i o • • • o fi (ij . o M ^ and Ci (<fc) := Ci„(fc) ■ ■ ■ Ci (l) • 

Lemma 4.2. For every I C [1,^] stable under the involution *, every w < wo(I), every 
i G D(wq(I)) and every (e,e)-word io G -D(-u) as above, we have the following equality 

Proof. The proof of this lemma is done by induction on the length of w G W, by using 
the equality CiKfc) = Ci(fc) Ci(<fe— 1) • The first step of this induction, that is when i(w) = 1, 
comes from the definition (]4.ip of the automorphism Tj. □ 

Lemma 4.3. For every v G W and every reduced words i,j G R(l,v), or i,j G -R(t>, 1), 
we have the equality [ip_+p Ci = Cj 

Proof. We suppose that i,j G R(l,v). Let us recall that the involution □ maps double 
reduced words to double reduced words, and that the evaluation map evj associated to any 
double reduced word j is birational because of Theorem 13.11 Therefore an equality y = z 
between cluster variables on X { u is satisfied if and only if the equality ev ; n(y) = ev ; n(z) 
is satisfied on G. Now, it suffices to apply Theorem 13.21 and the second equation of (13.81) 
to obtain the following equality for every x G X\. The case i, j G R(v, 1) is proved in the 
same way. 

ev iQ o£i(x) = [evj o/i i ^ j (x)t;- 1 ]<o = evp o<j o /ii^j(x) = evjn ofip_^. a 0Q0 /ii^j(x) . 

□ 

We can now prove Theorem 14.11 

Proof. Theorem 14.11 is clearly true if the set I contains only one element, so let us take 
i,j G I such that i ^ j. Let us recall that for every I C and every w G Wi, we 
have the relation w < wo(I). Therefore, there exist reduced expressions associated to the 
element Wq(I) G W such that the mff first letters are the strings i(ij) := i j i ■ ■ ■ and 
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J i J 



Now, let io,jo 6 R(wo(I),wq) be two double reduced words such that 



their mf^ first letters are respectively the reduced words and and let us denote 



IV 



ij,Wji € W the elements associated to and To prove the theorem, we have 

thus to prove the equality T Wij (V) = T Wji (i). To do it, we proceed in several steps, where 
each one proves the commutativity of a given diagram. First of all, applying Lemma 14.31 
on the reduced words and we get the equality 

This relation is then extended to the double reduced words io and jo, because mutations 
and left tropical mutations commute with amalgamations done on the right. More pre- 
cisely, let ii and ji be the double reduced words such that io = and jo = i(Ji)ji- 
We introduce the notation ig := i(ij) n ii and jg := i(ji) D ji and get 



Cio(<£Kj)) - MjEUiK o Cj (<^Ki)) ° Mio-^jo 



Because of (|3.9p and the equalities /ii ->j = jx 



io]sH~ ►[So]p» 



and ju.E 



previous equality implies the commutativity of the diagram 



.'oJ« 



, the 



(4.2) 



&o(<«K,)) 



Cj0(<*(™ji)) 



Next, let J be the maximal set, for the inclusion map, of pairwise disjoint elements of 
the set {i, j,i* , j*}. (For example, we have J = {i,j} if the involution ★ is the identity 
map, J = {i,j,j*} if i = i* ^ j* ^ J, and so on). Lemma l4T2l applied on J, then leads to 
the commutativity of the following diagrams. 



(4.3) 



7^ y (i)( Cl («( Wy )) 



*[i]« 



Finally, for every d G W and i,j,k € D(v), the transitive equality /li^k = /^j->k 
implies the commutativity of the following diagrams, where Id denotes the identity map 
on X m . 



(4.4) 





x® K ^ *[i % 



We now incorporate the previous diagram in the synthesis diagram (|4,5p , via the following 
three steps procedure: 1) put the diagram (]4.2p between the two diagrams constituting 
T3|) and identify the arrows which have the same transformation as labeling; 2) put 
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the left diagram of (|4.4p upside the new diagram thus obtained and identify the arrows 
which have the same transformation as labeling again; 3) put the right diagram of (|4.4p 
downside the diagram, just as before and still identify the arrows which have the same 
transformation as labeling. The relation T Wij (i) = T Wji {i) is then given by the boundary 
of the diagram (|4.5j) . 



Id 




Id 



□ 



4.2. The De-Concini-Kac-Procesi automorphisms. Following [DCKP92] and [B02] . 

we define for every j G [1,1] and Uj = exp(g aj ) the homomorphism £j : N- — > Uj such 
that if ri- G N- is factorized as a product of up G Up for every negative root /3 (each f3 
appearing only once), then £j(n_) := u Qj . Let us recall that, as a set, the dual Poisson-Lie 
group (G*,ttq*) is given by elements (n+t, n_i _1 ) such that n± G N± and t £ H and is 
isomorphic to the set of elements n+ftnZ 1 G G, where we have still n± G N± and t £ H. 
We denote G° this set; we therefore get a Poisson isomorphism (G*,ttq*) ~ (G°,7r*). 
For every j G [1,^], we denote lP_ := Cj( n -) _1 an d recall the De-Concini-Kac-Procesi 
automorphism 

(4.6) Tj :G°^G°: n + t 2 nZ l ^ s~j b j _ n+^nZ 1 {sj 6i) _1 . 

The cluster combinatorics of the De Concini-Kac-Procesi Poisson automorphisms Tj is 
established via the following results. 

Proposition 4.4. Let i be a double word, such that i = iii2 with ix, 12 £ RO-i w o)> starting 
with the letter j, then Tj = ev£(j) o o evj" . 

Corollary 4.5. We have the equality Tj = evi o Tj(i) o evr 1 for every i G D(wq). 

Corollary 14.51 is deduced from Theorem 13.71 the formula (|4.ip and Proposition 14.41 To 
prove Proposition 14.41 we need some preparation. 

Let u, v G W and i G R(u,v). The double reduced word i* G R(v*,u*) is obtained by 
transforming each letter i of [1,1] U [T, into i*, so if i = %\ . . . i n then \* = i\ . . . i n . 
Starting with an elementary double word i G {l,i,i}, where i G and then applying 

the properties of the amalgamated product, we easily prove the following lemma. 
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Lemma 4.6. Let u,v £ W and i £ R(u, v). For every cluster xE^, let x* £ X\* be such 
that the equality wq ev;(x)u^) _ = evi*(x*) is satisfied. Then we have 

( -xjL ifO = j^ N* (i) or ± j = N* (i); 

(4-7) x h = \ -i ih 

UJ x,,* N otherwise. 

I (i) 

A spZii of a seed I is a pair of seeds (Ii,l2) such that I is their amalgamated product, 
that is I = m(Ii,l2). An associated X-split is a section of the amalgamation map m : 
X\ x x X\ 2 — y Xi, i.e. a map s : <Yi — > X\ x x ^fi 2 such that the product mos gives the identity 
map on X\. For every ,Y-split s associated to the decomposition I — \ (Ii,l2), we associate 
to any x £ Xi, some elements x«\ € and X( 2 ) € <^i 2 given by s(x) = (xm,X( 2 )). 

Now, for every reduced word i = i\ . . . iir WQ \ £ R{wq, 1), and every k £ [l,^(iOo)], let us 
set w- 1>k := Si k+1 . . . Si l{WQ) . To every x £ X\, we associate the following product of up £ Up 
over negative roots, which is such that every negative root j3 appears exactly once. 

<(«o) ^ / 1 \ 

n(x) = n w.^x^{-x^, ik) )w i>h , where Xj {t) = ^ I t x )• 
fe=l v ^ 

Here, the map C<fc-i : ~~ * ^i(fc-i) is obtained by generalizing the formula (|3.T|) : 

C<fc-1 = Ci(l) o ■ • • o Ci(fc-l) • 
In particular, the equality C<£(w ) = & is satisfied. 

Lemma 4.7. [HI Lemma 9.10] Let i be a double word such that i = iii2 with 11,12 £ 
R(1,wq), and 5 be a X-split relative to the decomposition i — > (ii , i2) • We have the 
equality [[ev^x)]]! 1 = ^(x^). 

Remark 4.8. The definition of t\* implies that the choice of the A'-split s associated to 
the decomposition i — > (ii, i 2 ) in the previous lemma doesn't matter. 



We can now prove Proposition 14.41 
Proof. Let s be a A'-split relative to the decomposition i —> (ii , ia) • Lemma 14.71 gives an 
expression of [[evi(x)]]! 1 as a product of terms up where all the negative roots j3 appear 
exactly once. Now, let us remark that woSi*(cti*) = £%. Applying the definition of £j, 
Lemma 14.71 and the formula (|4.7p . we thus get 

\P_ = ^([[eViCx)]]! 1 )- 1 = xji-xfo' 1 )- 1 = ^(j))" 1 = • 

Define ji and y £ X- n such that ji = £(ii) and y = [An^ipc^), We have 

( 4 -8) sf 1 ev h (y) = xj(-y~^) ev £(jl) o/i^ (y) . 

Indeed, let us remember the map <pj : SL(2, C) G defined in Section [2j For any nonzero 
t £ C and any i £ [1,£], let us denote 

Xi{t) = <Pi ( J \ \ , Xj(t) = <fi ( J J 

An elementary matrix calculus on SL(2, C) leads to the following equality on G, satisfied 
for every j £ [1,1]. 

sf l x^(t) = xji-t^ 1 ) exp(log(i)hj) Xj^ 1 ) . 
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Using the definition of tropical mutation, and the fact that a left tropical mutation com- 
mutes with an amalgamation done on the right, we deduce the relation (|4.8p . Then, from 
(|4.8|) . we get the following series of equalities 

s} 6iev il (x (1) ) = sj xj(-x^)ev il (x (1) ) = s) ^(-l/«Mev £fll )(/*^(y)) 

= «j ^~ lev ji(y) = ev ji(y) = ev £(ii) °M(^)( x (i)) • 

This relation is then extended to the evaluation maps evf, evp and evi by using (|3,3p and 
the fact that a left tropical mutation commutes with an amalgamation done on the right. 
Thus, the definition (|4.6p leads to the equality Tj o evi = ev2(i) MfA- ^ 



5. The case G = PGL(2,C). 

To fix the ideas, we consider our construction in the case PGL(2, C). Let us recall that 
the complex simple Lie group 



(5.1) SL(2,C) = {( £j ^ ) : t n t 22 - i 12 t 21 = 1, %G 



has its Lie algebra g equal to the vector space sl(2, C) of 2-squared complex matrices which 
have a zero trace. The Chevalley generators {ex,fi,hx} and its related basis {ex,fi,h} 
are then given by the following matrices: 

f 1\ /0 0\ / 1 \ j / 1/2 

61 - V J ' /x = v, 1 J ' ^ = v, -1 ) ' -1/2 

Using the exponential map exp : g — > G, which, in this case, associates to a matrix M G g 
the usual matrix Y^=o £ G, we get the following generators of G, the two last ones 
being associated to every non-zero complex number x. 

Let us notice that is well-defined on PGL(2,C), because of the identity 

TT Xr N ( X 1/2 \ PGL(2,C) f X 

if (x) 



s-V2 ) V01 



Now, because there is only one simple root a±, the Weyl group contains only two 
elements {l,si} and the different double reduced words are the double words 1, 1, 1, 11, 
11, where 1 is the unity of the direct product W x W. Finally, the r-matrix r € g A g 
associated to sl(2, C) and its related elements r± £ g<S>g are given by the following formulas. 

(5.2) r = ex A fx, r+ = -hx <8> hx + ex ® fx and r- = — -hi <g> hx — fx <8> ex ■ 

For every i,j £ {1,2}, let tij be the coordinate function on the matrices (|5.ip . Applying 
the formula (15. 2D on the Semenov-Tian-Shansky Poisson bracket given by Proposition 12. 11 
it is easy to prove that in the matricial case, the Poisson bracket on (G, 7r*) is given by 
the following equalities: 

{in, £12}* = £12*22, {*n , *2i }* = —£21*22 , 
{in, £22}* = 0, {ii2, £21}* = £11*22 — * 22 , 

{*12,*22}* = *12*22, {*21,*22}* = ~ *21*22 • 
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Let us then consider the related evaluation maps. It is easy to check that the evalua- 
tion evi : <^[i] m — > (G, 7r*) is Poisson. It is indeed given by the following expression: 



evi(x ,t)=^ 3.-1^/2 



t l/2 +t -l/2 _ Xot -l/2 




The evaluations cvq : <^[n] M — ^ 5_B_ and ev^y : ^rifu — ^ BB-, parameterizing the 
subvariety BB_, are then obtained by the following formulas. 

& or ir t)-( t ~ 1/2 ^ 1 + y^ + tl/2 -^wCi + wT 1 ) 

ev lT (y , yi ,t) - ^ „_ 1(tl/2 +t -i / a~-i ) 

And it is straightforward to check that Mmw-aiTu : (2/0 , j/i , t) i-> (yo,y{,t). The remaining 
twisted evaluations evij^evjj : — >• and evyj : ^[Ti] m ~~ ^ BB- are given by: 



(1 + Z^t 1 / 2 + t-V2 - Zo ((l + Zl -l) t V2 + (1 + Zl )^ 1/2 ) 



evn(yo,yi,t)=ev- n ( yo , yi ,t) = ^ y _ 1((1/2(l + y _ X) + ( _ 1/2(l + ^ _^_ 1/2 

It is easy to check that all these maps are Poisson when the matrices establishing the 
Poisson structure on the related seed Af-tori are given by 




77(H) = 77(H) = 1 0, 77(H) = 77(H) 




We thus get two cluster ^-varieties for the variety BB_, denoted X e and X Wo , and respec- 
tively associated to the cluster variables (yo,yi,t) and (zo,zi,t). They are linked in the 
following way: if the elements evj 1 (yo> yi> t) and evn(zo, z\, t) are equal, we quickly check 
with the expressions above that the map ip : (yo,yi,t) 1— > (zo,Zi,t) is given by 

i z = voO. + vT 1 )~ 1 0- + vT 1 t)~ 1 
\ zi = tyi 1 

In fact, we have the equality ip = S S1 , coming from the following formula for H Sl . 

S S1 (770, yi,t) = M[ii] R ->[ri] m H i M[ri] K ->[ii] w (vo, vi,t) 

Finally, we use tropical mutations to describe the De-Concini-Kac-Procesi Artin group 
action (|4.ip on (PGL(2, C), 7r#). The cluster combinatorics is given by the following Poisson 
automorphism on the seed A'-torus ^fiiw- 

71(11): X[u] m — > : (z ,z 1 ,t)\ — ► H S1 o M(J)(^o 5 Z\, t) 

satisfies 71(11)0*0, z 1: t) = (^(1 + z^ x )~ l {l + z^H)' 1 , z^H,t) . 
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Let us stress, however, that this birational Poisson isomorphism is not an involution; in- 
deed, a straightforward computation gives the equality 7i(ll) 2 (zo, Z\, t) = (zqz^ 2 t 2 , z\, t). 
Therefore, the action of the center Z(B S ) of B g on (BB-,ir*) given by the De Concini- 
Kac-Procesi automorphism is not trivial. 
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